
CM2104: Computational Mathematics

Additional Laboratory Worksheet (Week 10 and 11)

Prof. D. Marshall

Aims and Objectives

After working through this worksheet you should be familiar with:

• Basic Discrete Probability Theory: Probability, Conditional Probability, Bayes’ Theroem

• Discrete Random Variables: Probability distributions, Expectation and Variance,
Uniform, Binomial, Geometric and Poisson Distributions.

• Estimators: Maximum likelihood estimation, Bias, Bayesian Inference

This is a combined worksheet for all the Statistics/Probability lectures, as
week 11 will be used to demonstrate the CM2104 coursework. Some of the
problems here may not be covered until a lecture after the week 10 lab class.

This lab sheet focuses on theoretical questions. The work sheet given out in the Week
10 lab class covered more MATLAB programming aspects:
http://www.cs.cf.ac.uk/Dave/CM2104/Labs/Week 10/LabWeek10Additional.pdf

Solutions for both worksheets will be made available on Learning Central after the lab
class.

None of the work here is part of the assessed coursework for this module.
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1 Basic Discrete Probability Theory

1. Two events A and B are such that P (A) = 0.7, P (B) = 0.6 and P (A ∩ B) = 0.4.
Find the following probabilities:

(a) P (A ∪B)

(b) P (A|B)

(c) P (A|A ∪B)

Another event C is such that P (C) = 0.5, P (A ∩ C) = 0.3, P (B ∩ C) = 0.2 and
P (A ∩B ∩ C) = 0.1. Find

(d) P (A ∪B ∪ C)

(e) P (A ∩B ∩ C)

(f) P (A ∩B ∩ C|A ∪B)

2. Show the following property: if A and B are independent, then A and B are inde-
pendent as well.

3. A standard pack of 52 cards is shuffled and a card drawn at random and then replaced.
This is performed five times and, because of the shuffling, it is assumed that the
draws are independent and that each card is equally likely of being drawn. Find the
probability that in the sequence of five draws:

(a) a spade never occurs

For all solutions note: Since the draws are independent, the probabilities of
intersections of events involving different draws are found by multiplication.

(b) a spade occurs exactly once

(c) a spade occurs at least once

(d) all five cards are spades

(e) an ace never occurs

(f) an ace occurs exactly once

(g) an ace occurs at least once

(h) all five cards are aces

(i) no card is the ace of spades, but one of the cards is a spade and the remaining
four cards are aces

4. Show that
P (A ∩B ∩ C) = P (A) · P (B|A) · P (C|A ∩B)

2



5. Suppose we choose, with equal probability 1
2 , either a fair dice, or a biased dice for

which P (1) = . . . = P (5) = 0.1 and P (6) = 0.5. A dice chosen in this way is thrown,
and the result is a 6. What is the probability that it is the fair dice?

6. The president of a company randomly selects 6 employees for a special bonus. Of
the 30 employees, 19 are women and 11 are men. What is the probability that no
woman is chosen?

7. Twelve employees at a company picnic are to stand in a row for a group photograph.
In how many ways can this be done if

(a) Jane and John insist on standing next to each other

(b) Jane and John refuse to stand next to each other

8. (a) We want to keep our socks in a chest of 3 drawers. Assume that the first drawer
has room for 7 socks, the second drawer has room for 8 socks, and the last
drawer has room for 5 socks. In how many ways can you distribute 20 socks
over these 3 drawers?

(b) Now assume that 6 of our 20 socks are blue. Considering the same chest of 3
drawers, what is the probability that all 6 of our blue socks end up in the same
drawer?

9. In poker, a full house is any hand of 5 cards that consists of 3 cards of one kind, and
2 cards of another kind, e.g. {♦3,♣3,♠3,♥H,♠H}

(a) What is the probability of making a full house when being dealt 5 cards?

(b) When being dealt 7 cards, what is the probability that 5 of them make a full
house (but not four of a kind)?
Hint: There are three different cases to consider

• The hand consists of a triple, a pair, and two cards from different kinds

• The hand consists of a triple, two pairs, and a card from a different kind

• The hand consists of two triples and a card from a different kind

2 Discrete Random Variables

1. Which distributions do the following random variables have?

(a) the number of times a dice roll has to be repeated before the dice shows 6 pips;

(b) the number of dice which show 6 pips when rolling 4 dice simultaneously.

2. Prove E[aX + b] = aE[X] + b where a and b are any constants.
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3. Prove E[f1(X) + f2(X)] = E[f1(X)] +E[f2(X)] where f1 and f2 are functions of X.

4. Prove E[aX + bY + c] = aE[X] + bE[Y ] + c where a , b, and c are any constants.

5. Prove V ar[aX] = a2V ar[X] where a is any constant.

6. Prove V ar[aX + b] = a2V ar[X] where a and b are any constants.

7. Prove V ar[X + Y ] = V ar[X] + V ar[Y ] if X and Y are both independent random
variables.

8. Prove V ar[aX + bY ] = a2V ar[X] + b2V ar[Y ] if X and Y are both independent
random variable where a and b are any constants.

9. If X1, X2, . . . , Xn are independent observations from the same distribution, X, then
prove that:

(a) E[X1 +X2 + . . .+Xn] = nE[X]

(b) V ar[X1 +X2 + . . .+Xn] = nV ar[X]

10. For a Poisson distribution, Prove:

(a) E[X] = λ

(b) V ar[X] = λ

11. Let X be the score on a fair dice, and define the random variable Y = 3X − X2.
Find the expected value and variance of Y .

12. Let X be the number of fixed points in a random permutation of n elements, e.g. if
the answer sheets in a pub quiz with n teams are shuffled, X is the number of teams
that get back their own sheet. What is the expected value and variance of X?
(Hint: introduce a random variable Yi for each team, such that Yi = 1 if the ith

team got back their own sheet and Yi = 0 otherwise; such a random variable Yi is
sometimes called an indicator variable)

13. Suppose that n balls are thrown, such that each ball lands in one of m boxes with
equal probability (with n > m).

(a) What is the expected number of empty bins?

(Hint: introduce a random variable Yi for every box, indicating whether or not
that box is empty, and take advantage of the fact that the number of boxes X =
Y1 + ...+ Yn)
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(b) Now assume that an infinite supply of balls is available.

What is the expected number of balls you need to throw before all boxes contain
a ball?

(Hint: introduce random variables of the form Zi for the number of balls that needs
to be thrown between the situation where there are i − 1 boxes with a ball and the
situation where there are i boxes with a ball)

14. A given type of items are produced in batches of 10000. To monitor the quality of
the items, before shipping, the manufacturer checks a random sample of 100 items.
If the sample contains at most 4 defective items, the batch is accepted for shipping.
Otherwise, all 10000 items are checked. Given that inspection costs 50p per 100 items
and on average 2% of the items are defective, what is the expected inspection cost
per batch?

15. Consider a box with n balls labelled with the numbers 1 to n. Let X1 and X2 be
the numbers on two balls which are drawn simultaneously from the box. What is
the expected value of the absolute difference between these two numbers? In other
words, find E[|X1 −X2|].

16. Packages of 12 bits are sent over a communication channel. Let 0.1 be the probability
that a given bit is corrupted when it is transmitted, and assume the probability of
one bit being corrupt is independent from the probability of other bits being corrupt.

(a) What is the probability that no more than 2 bits in a package are corrupted.

(b) If 6 packages are transmitted, what is the probability that at least one of them
will contain at least 3 corrupted bits.

17. Assume that the lecture notes of a module consist of three chapters, which are of
increasing difficulty. The probability that you answer a question from the first chapter
correctly is 90%. The probability of correctly answering a question from the second
chapter is 70%, and the probability of correctly answering a question from the third
chapter is 30%.

The exam consists of four questions. Every question is about one of the three chap-
ters, with each chapter being equally likely to be chosen. Moreover, which chapter
is chosen as the topic for a question is independent of which chapters are chosen for
the other questions, e.g. it is possible that all questions are about the same chapter.
Let the random variable X be the number of questions that you answer correctly at
the exam.

(a) What is the expected value of X?

(b) What is the variance of X?
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18. Consider the following game. You get three attempts to roll a 6 using a standard
and fair dice. If at least one of your attempts is successful you win £100.

(a) What is your probability of winning the £100?

(b) To participate in the game, you have to pay a price of £N . What would be a
fair value for N? Explain.
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