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Abstract

In this paperwe presenta methodfor addingHidden Markov Models.
The mainadwantageof our methodarethatit doesnot requirethe datathe
modelshadbeentrainedon, allows a changein the numberof components,
doesnotassumeéndependencef thecomponentso beaddedandis resistant
to theorderin whichthetrainingdataarrives. We assessethe methodin the
experimentswith syntheticdata,which shoved goodaccurag. Finally, we
presentanapplicationin computenvision.

1 Introduction

HiddenMarkov Models (HMMs) have beenusedin the speechrecognitioncommunity
sincethe early 1970s[1]. Their popularityis dueto soundmathematicaktructureand
wide applicability More recently they foundusein computevision for modellingtem-
poralstructureof gesturesndarticulatedmotion[7, 12].

A facility to updateHMMSs incrementallyis a very desirableone. Amongthe adwan-
tagesof incrementalipdatearefastertrainingtimes,aseachtime a modelis trainedonly
onthepartof thedata.Anotheradwvantages the possibility of updatinga modelwith new
dataasit becomesvailable,thuskeepingthe modelconsistentvith any changesn the
input data,or extendingthe modelto represent largerdataset.

The HMMs that are usually usedin computervision applicationsare continuous,
wherethe underlyingdatadistribution is modelledwith a mixture of Gaussiansndeach
stateis representedvith a single Gaussian.Among the desirablefeaturesof a method
to updatesucha HMM would be not only the ability to updatethe parameter®f the
Gaussiarcomponentshut also the ability to changethe numberof thesecomponents
to representhe datain the mostefficient way. Anotherdesirablefeaturewould be the
absencef requiremento accesthe datathe HMM hadbeentrainedon previously.

Therehasbeenrecentresearchn the speechrecognitioncommunityon incremental
updateof HMMs [3, 11]. Mostof thesemethodswork by updatingthe GaussiarMixture



Model (GMM) representinghe underlyingdatadistribution andthenupdatingthe HMM
transitionson the basisof the updatedGMM. Among them, the methoddevelopedby
Gotoh,[3] doesnot requirethe previous data,however, it doesnot allow updatingof the
numberof Gaussiané the mixture, but only of their parametersThe methoddeveloped
by Lu and Zhang[11] allows updatingof the numberof componentsn the mixture as
well astheir parametersHowever, the lastmethoddependon thetemporalorderof the
datausedto updatea HMM.

Therehasbeenalsoresearclonupdatingust GMMs [5, 13, 15] asopposedo HMMs.
Most notably a methoddevelopedby VasconcelosndLippman[13], allows achangen
the numberof componentsn the model,however, it assumeindependenceetweerthe
componentswhichis notthe casef we allow the Gaussianso overlap.

Most recently a methodfor addingtwo or more GMMs, which allows a changein
the numberof componentsdoesnot assumandependenceetweenthe componentto
be added andlargely is independentrom the temporalorderof the input datahasbeen
proposed4]. Moreover, this methoddoesnotrequireary of the original datathe GMMs
hadbeentrainedon, nor doesit needto resamplehe datafrom the GMMs. The result
of addingtwo GMMs is athird GMM, which closelyapproximateshe onewhich would
have beenconstructedy a standardalgorithmgiven asinput all the datasetsusedfor
trainingof bothoriginal GMMs. Themethodnotonly allowstheadditionof two arbitrary
GMMs but it also selectsthe optimum numberof clustersto representhe underlying
distributions. Up to date this is the mostgeneraimethodfor addingGMMs we know of.

In this paperwe proposeto utilise the abore method[4] to updatethe underlying
HMM datadistribution andusethe updatedGMM to evaluatethe transitionprobabilities
betweerthe states.We analysethe performanceof the algorithmon a syntheticdataset
andapplyit to theincrementalearningof modelsof humanmotionfrom realworld data.

2 Adding GMMs

In this sectionwe describea methodfor addingGMMs presentedn detailin [4], which
we thenextendto addingHMMs.

Supposave aregivena pair of GMMs; anN-componenGMM G,; madefrom a data
sethaving N points,andan M-componentGMM G, constructedrom a datasetof Ny
points. The GMMs G, andG, representhedistributions p(x) andq(x), respectiely:

N
p(x) = 21 ajg(x; 1';,C’y) (1)
N
q(x) = ; a'g(x; 1";.C") (2

The processof addingtheseGMMs startswith their concatenationyhich consists
of concatenatingheir descriptionsandupdatingthe priorsin sucha way thatthe sumof
the new setof priorsremainsequalto one. This canbe doneby takinginto accounthe
respectre numberof pointsthetwo original distributionshadbeentrainedon. Theresult
of this concatenatiowperationis anev GMM G, consistingof N+ M componentérom
G, andG, respectiely, andrepresentinghedistribution r (x)



N+M

r(x) = ; o;9(%; 1, Cj) 3)

In thesecondstageG; is “simplified” to aK-componenGMM G,, whereK <N +M,
throughthe applicationof (N+ M) x K scalarswij, which areusedto specifythe contri-
bution thattheith componenbf G; makesto the jth componenbf G,. G, representshe
distribution s(x):

Zlﬁ. 9(x;v;, D) (4)
wherethe parameterarecalculatedn the following way:
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with thefollowing constraints:
N+M
w.o=1 (8)
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The weightsw;; for transforming(N + M)-componenGMM G; to a K-component

GMM G, arefoundthroughmlnlmlsmgthe x? distancebetweerthe N + M-component
andK-componentGMMs usingNelderMeadsearchandthe constraintg8) and(9).

The numberof component which representbestthe sumof G; andG, is found
through consequentlysimplifying the N + M-componentGMM to 1,2,3,..N+M —1
componentsand evaluatingthe penalisedog-likelihood of eachsimplified GMM. The
GMM with the largestvalue of the penalisedog-likelihoodis chosenas the result of
additionof thetwo original GMMs G, andG.,.

3 AddingHMMs

In this sectionwe consideraddingtwo continuousHMMs whereeachstateis represented
usingasingleGaussian.

Supposewve have two HMMs: A, = {r*,A’, B!} consistingof M states,and A, =
{m?,A2,B?} consistingof N stateswherer aretheinitial stateprobability vectors,Al
are the statetransition probability matrices,and B' are the Gaussiansepresentinghe
statesLet theresultof theadditionbeaHMM A, = {13, A3, B3}



ToaddA; andA, wefirstly addthetwo underlyingobsenationdistributionsB! andB?
usingthemethoddescribedbore for addingGMMs to estimatehecombineddistribution
B3} andthenusethe obtainedmatrix W to a estimatethe new transitionmatrix andthe
new initial stateprobabilityvector

Thefirst stageof estimatingheprobabilitytransitionmatrixof HMM A isto combine
the two original transitionmatricesA! of size MxM and A? of size NxN into a single
matrix A¢ of sizenxn, wheren = N + M, asdetailedbelow.

a;; Qo o Ay BYmer o0 Qg
a & o Ay Dby 0 Qovgn
AC_ : : . : :
av1 vy - ay Ml o SumaN
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{AL}; ifi<Mandj<M
wherea;; = ¢ {A?};_y;_» ifi>Mandj>M
0 otherwise

The elementsof the probability transitionmatrix A® are obtainedusingthe formula
below, wherea; are B, the componenpriors, a; arethe elementsof the matrix A® and
w;; aretheelementof thematrixW.

n n
21=1 2 k=1 HWi W 3y
N n n
2j=121=1 2 k=1 N WiW ;3

Finally, we estimatetheinitial stateprobability vector 71 of A5. To obtainits values
we first concatenatéhetwo initial stateprobabilityvectorsrt and 7 into asinglevector
n® andthenupdatethe vectorelementsn thefollowing way.

(A% = (10)
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Sometimeghe nominatorvaluein the above expressiortakeson a negative value,in
sucheventualitywe setit to zerobeforeestimatingthe restof the elementsf 3.
Thisapproaclseemso besensibleconsideringhatminimisingoverthedistancebe-
tweendifferentHMMs ratherthanGMMs asin [4] would involve calculatingmorecom-
putationallyexpensve measureshan x2, suchas, for example, Kullback-Lieblermea-
sure.Moreover, astandardlistanceneasuraisedfor assessindissimilaritybetweertwo
ergodicHMMs [6] is moresensitie to thedifferencebetweerthe underlyingobsenration
distributionsthanto the differencein the transitionmatrices.Thus,optimisingthe result
of theadditionof theHMM stateprobabilitydensitiedirst andthenusingtheresultto ad-
justthetransitionprobabilitymatrix hasgoodtheoreticabndpracticalfoundationsin the

next sectionswe experimentallyevaluatethe proposednethodandshaw thatit produces
very goodresults.

(11)



4 Experimentswith synthetic data

In this sectionwe presenta seriesof experimentsdesignedo measurehe accurag and
efficiengy of our methodfor addingHMMs. Unlessotherwisestatedthe datausedin the
experimentds three-dimensionaMWhenwe constructarandomHMM of N components
we ensuraghedatais separable in thesensahatunderfull automatiortheoptimalnumber
of componentdor an ab initio GMM turnedout to be N also, thus avoiding strongly
overlappingcomponents.

The randomHMMSs were generatedy choosingrandomtransitionmatrices,means
andcovariancematrices. The meanswererandomlydistributedin a hypercubeof edge
d. A low valueof d increasedhelik elihoodof "overlapping”componentsmakingsepa-
ration, simplification,andselectingthe correctnumberof componentsvhenaddingtwo
GMMs amoredifficult task. We foundwhend = 20 the componentsvereusuallysepa-
rablewith someexclusionswhenanotherHMM hadto begenerated.

4.1 Measuring distance between two HMMs

In the next sectionwe will describethe experimentsave have undertalento measurehe
accurag andefficiengy of our methodto addtwo HMMs. To do sowe needto employ a
measuref distancebetweertwo HMMs.

Therehave beensereralHMM dissimilaritymeasureproposedn recentyears.Early
approachesvere basedon the Euclidian distanceof the discreteobsenation probabili-
ties[10]. However, thesekinds of measureslid not take into accounthetemporalstruc-
turerepresenteth the Markov chain.

One of the first distancemeasuredo take into accountthe temporalstructureof
Markov chainswas proposedby B.-H.Juanget.al. [6], andis basedon the Kullback-
Lieblerdistancg9], whichcharacterisethediscriminatingpropertieof two probabilistic
modelsA andé:

1 PO
D (4.8) = [ SO Farion P2 (O 12)

In the above expressiorO”? is anobsenation generatedby the modelA, and P, (0")
is thelikelihoodof the sequenc®” beinggeneratedby themodelA.

Themeasurg@roposedy Juangs anapproximatiorbasedntheMonteCarlomethod,
with T beingthelengthof the obsenration.

1 o

(13)

Different variantsof the abose measurewere proposedby Kohler [8], Falkhausen
et.al.[2] andM.Viholaet.al.[14], butthey weremainly concernedvith adaptingheabove
measureo left-to-right HMMs, which areusuallyusedn speechrecognitionapplications,
or with findinganapproximatiorto the original definitionwhich couldbe estimatednore
efficiently.



In thefollowing experimentswve usethefollowing variantproposedy Kohlerto work
with N obsenations:
1M1 p(
N ZlT Pg ( O"

However, the distanceD(A, &) is not symmetric. We symmetrisét in the following
way:

(14)

[D(A,&)+D(&:A)] (15)
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Ds()‘af):

4.2 Accuracy of addingtwo HMMs

In orderto assesshe accuray of our methodfor HMM additionwe requiresomecom-
parisonof the resultsour methodproducego the groundtruth. To achieve this objective
we performeda seriesof experimentswherein eachexperimentwe producea random
HMM A, whichis to be the groundtruth. We useit to generateseveral obserationsO;
of time-lengthsT;, which we useto estimateanab initio HMM A,

Next we separateghe obsenations O, into two sets,X; andX,. We train two new
HMMs A; andA, onthesetsX; andX, respect’vely. FinaIIy, weaddA; andA, to produce
Aqq Usingthe proposedmethodandthenmeasurehe distancebetweerthe groundtruth
HMM A, andtheresultof theadditionA_,,, aswell asthedistancebetweem, andA; ;.
If thetwo distancesreclose,it meansour methodhasperformedaswell asanautomatic
methodfor estimatingHMM givenall the data. We alsofind the distancebetween);
andA_,y, whichtells ushow closetheresultof additionis to the original HMM.

We repeathe above procedurel 0 timesfor eachnumberK of statesn HMM, which
we changefrom 1 to 5. We alsoinvestigate how the numberof samplesusedto train the
HMMs affectstheaccurag of theab initio andaddedHMM by repeatinghewholeseries
of experimentsfor 200,400,800and1600samplesfrom the underlyingHMM distribu-
tion. Theresultsareshavn in Figure 1. In theory whendealingwith the obserations
of infinite length,the distanceproposeby Juang(13) will alwaysstaypositive. However,
whenwe aredealingwith obsenationsof finite length,sometimest canhapperthatthe
resultof the expression (14) is a negative number The longerthe obsenationsare, the
smalleris the chancahattheexpressiorwill produceanegative number As we canseein
the graphsthedistancedetweem, andA,,;;, andbetweem, andA_,, arecomparable.
The resultsimpraove further Whenthe numberof samplesncreasegFigure 1), but they
aremorethanacceptablevenwith the smallesihumberof sampleg200)thatwe used.

init

5 Experimentswith 3D human motion data

In this sectionwe presentheresultof addingtwo HMMs, eachtrainedon the 3D motion
datacollectedfrom oneof two people.The datarepresentshe 3D Cartesiarpositionsof

17 marlers, attachedo the body of a personin placessuchaselbavs andknees,n the
courseof severalcyclesof walking motion. The origin of the coordinatesystemis placed
approximatelyat the centreof gravity of a person$ bodyandhencemovestogethemwith

the person. Prior to HMM training the datahad beennormalisedwith respectto the
persons heightandto have zeromean. Finally, the dimensionalityof the datahasbeen
reducedrom 51to 3 for visualisationpurposeshroughPCA analysis.
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Figure1l: The meandistancespver 10 trials, between),;; andA_, (solidline), A, and
A,qq (dashedine), Aj andA,;; (dash-dotine). Thedistancesrecalculatedor 200,400,
800and1600samplegdisplayedn left to right, top down order)

Wishingto obtaina singlemodelrepresentinghe walking motion of both peoplewe
addtheabove HMMs (Figures2, 3). Both of the original HMMs have beeninitialisedto
have 12 Gaussiartomponentsthenumberchoserby oursehes.

TheresultingHMM (Figure4) has22 Gaussiartomponentghoserautomaticallyby
themethod.Thenumberis closeto thetotal numberof componentin bothof theoriginal
HMMs. However, asyou canseein Figure 4, mostof the nev componentsnodelthe
datafrom bothdistributions,completewith the statetransitionsthusproviding uswith a
singlemodelof motionof two people.

6 Conclusions

We presentedh novel methodfor HMM addition, which doesnot requirethe datathe
HMMs had beentrainedon, allows a changein the numberof componentsdoesnot
assumendependencef the components$o beaddedandis resistanto theorderin which
the training dataarrives. The methodallows for incrementalearningof HMMs asthe
new databecomeswailable.

We assessethe methodin the experimentswith syntheticdata,which shaved good
accurag. We alsopresented practicalapplicationof addingtwo HMMs modellingthe
walking motion of two differentpeople. The resultingHMM is more compactthanthe
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Figure 2: The motion dataof two people(dotsreferto the first person,trianglesrefer
to the secondperson)with anoverlaidHMM trainedon the dataof the first person.The
Gaussianarerepresentedith theellipsoids the possiblestatetransitionsarerepresented
with thelinesconnectingheellipsoids.

two separatenodelstogether whilst representinghe motion of two people. The added
HMM, sameasthe original HMMs, canbe usedfor trackingof walking peoplein video

asproposedn [7]. However, the nev modelwill be ableto track the motion of both
people.
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