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The fact that the Dirac is unbounded below creates problems if it is used to describe
multi-particle relativistic systems since the resulting operator has a spectrum which cov-
ers the whole of the real line. To overcome this difficulty Brown and Ravenhall proposed
the following one-particle model. To describe an electron in the field of its nucleus and
subject to relativistic effects, the operator of Brown and Ravenhall is

(1) B := Λ+

(
D0 −

e2Z

|·|

)
Λ+.

acting in the Hilbert spaceH := Λ+(L2(R3)⊗ C4). The notation in (1) is as follows

• D0 is the free Dirac operator

D0 = cα· }
i
∇+mc2β ≡

3∑
j=1

c
}

i
αj

∂

∂xj
+mc2β,

whereα = (α1, α2, α3) andβ are the Dirac matrices given by

αj =

(
0 σj
σj 0

)
, β =

(
12 02

02 −12

)
with 02, 12 the zero and unit2× 2 matrices respectively andσj the Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

• Λ+ denotes the projection ofL2(R3) ⊗ C4 onto the positive spectral subspace of
D0, that isχ(0,∞)(D0), whereχ(0,∞) is the characteristic function of(0,∞). If we
set

f̂(p) ≡ F(f)(p) =

(
1

2π}

)3/2 ∫
R3

e−i x·p/}f(x) d x



for the Fourier transform off , then it follows that

(Λ+f)∧(p) = Λ+(p)f̂(p),

where

(2) Λ+(p) =
1

2
+
cα·p +mc2β

2e(p)
, e(p) =

√
c2p2 +m2c4

with p = |p|.

• 2π} is Planck’s constant,c the velocity of light,m the electron mass,−e the
electron charge, andZ the nuclear charge.

The lecture will discuss spectral properties of operatorsbl,s appearing in the partial wave
decomposition ofB: the indicesl, s, denote the angular momentum channel and spin re-
spectively. The following topics will be covered: the value of the critical chargeZc(l, s)
which yields the positivity ofbl,s, the charge range for essential self-adjointness, and the
charge range for the absence of embedded eigenvalues.
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